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ABSTRACT

During the past decade, metamaterial-based vibration energy harvesters (meta-VEHs) have been increasingly developed owing to the
extraordinary characteristics of metamaterials, such as locally resonant bandgap, defect state, and wave focusing features. In this paper, the
interface state, a feature recently found in topological metamaterials, is exploited for low-frequency vibration energy harvesting. The topolog-
ical meta-VEH consists of two kinds of locally resonant metamaterials with different topological phases and a piezoelectric transducer being
installed at the interface between these two metamaterials. First, the governing equations of the topological meta-VEH are established based
on the mass–spring model. Subsequently, the dispersion relation of such a one-dimensional topological meta-VEH is obtained by applying
Bloch’s theorem. It is revealed that the interface mode can be attained in the low-frequency range through the band folding of the locally
resonant metamaterial. Moreover, the finitely long model of this topological meta-VEH is built, and the transmittance response is calculated
both analytically and numerically. Subsequently, the potential benefits of topological metamaterial, including wave localization and topologi-
cal protection, are thoroughly investigated. It is found that the elastic energy in the interface state is localized at the interface position, result-
ing in a significant improvement in output power. Meanwhile, the topological protection property can significantly improve the robustness
of the interface mode, thus achieving outstanding energy harvesting performance. Finally, to further enhance the energy harvesting perfor-
mance, the stiffness tuning method and the defect enhancement method are proposed. It is found that integrating the defect mode and
interface mode not only improves the output voltage but also achieves the capability of a highly robust energy harvesting.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0047965

I. INTRODUCTION

Vibration energy harvesting has become one promising method
to provide the necessary power for low-power-consumption devices.
To efficiently capture the energy from different kinds of vibrations in
ambient environments, a variety of energy harvesting mechanisms
have been developed during the last two decades.1–3 At the very
beginning, the linear energy harvester received great attention due to
its high-power output. However, the operation bandwidth of linear
energy harvesters is generally very narrow, which results in low
efficiency, as the excitation frequency is away from the resonant
frequency of vibration energy harvesters (VEHs).4 To overcome
this problem, researchers introduced stiffness nonlinearity to attain

broadband energy harvesting. Various nonlinear energy harvesters
have been proposed, such as the Duffing-type VEHs,5–7 impact-
based VEHs,8 internal resonance-based VEHs,9 and nonlinearly
coupled dual beam systems.10,11 An in-depth investigation of these
nonlinear energy harvesters reveals that the broadband energy har-
vesting capability can be achieved by capturing and maintaining the
high-energy orbit of nonlinear systems. However, these nonlinear
systems are sensitive to external perturbations.12–14 A small disturb-
ance or a minor change of excitation may make a nonlinear system
jump from a high-energy orbit to a low-energy one, leading to a low-
power output and narrow working band. Therefore, researchers con-
tinue to explore innovative mechanisms for efficient vibration energy
harvesting.
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Metamaterial, which has attracted extensive interest in recent
years, has emerged as a new medium for implementing energy har-
vesting. Metamaterial refers to the material engineered to possess
properties that are not observed in natural materials. From the per-
spective of energy harvesting, the extraordinary properties of meta-
material that can be utilized include locally resonant bandgap,
defect state, and wave focusing features. Gonella et al.15 introduced
piezoelectric cantilevers into a honeycomb-shaped metamaterial.
They demonstrated that these cantilevers could help attain a locally
resonant bandgap and convert the wasted mechanical vibration
into useful electricity. Mikoshiba et al.16 developed an energy har-
vesting system with a periodic structure embedded with multiple
local resonators. The local resonator is a magnetic energy harvester
that consists of a spring-loaded magnet in a capped tube equipped
with copper coils. Experimental results showed that the system
could generate an output power of 36 mW across a resistive load of
1Ω. Shen et al.17 designed a metamaterial beam with an array of
spiral beams to attain low-frequency bandgaps for low-frequency
energy harvesting. Hu et al.18 proposed a metamaterial beam with
internally coupled local resonators. The voltage output of the inter-
nally coupled metamaterial is four times more than that of the con-
ventional metamaterial. Besides these locally resonant meta-VEHs,
the defect mode of metamaterial/phononic crystals (PC) could also
be utilized for energy harvesting by concentrating the elastic/acoustic
energy at the defect location of metamaterial/PC. Wu et al.19

developed a defect sonic crystal to harvest the acoustic energy.
Their experiments show that the power output of the defect PC at a
frequency of 4.21 kHz was 24.4 times that of the conventional PC
without the defect state. Meanwhile, Carrara et al.20 utilized meta-
material with an intentionally designed defect for vibration energy
harvesting. It was found that the harvested power was at the micro-
watt level, which is much higher than that of acoustic energy
harvesting. Carrara et al.21 developed a mirror-type PC plate to
enhance the energy harvesting capability. It was found that the
acoustic mirror effect could focus the wave energy to a specific
point, and the output power was increased by more than one order
of magnitude as compared with the plain plate. Tol et al.22 pro-
posed a gradient-index PC lens-based VEH, which can focus the
wave at a focal spot by customizing the refractive index. It was
found that the wave focusing effect took place over a wide fre-
quency range, and the energy harvesting efficiency was increased
by 13.8 times as compared with a plain plate. Further investigation
of the above metamaterial/PC-based vibration energy harvesters
(meta-VEHs) revealed that wave localization and focusing are
the keys to attain outstanding energy harvesting performance.
However, it was also found that the efficiencies of the above mecha-
nisms are quite sensitive to the defect (such as structural damage
and fatigue), which may lead to a significant reduction in energy
output. In short, improving the robustness of meta-VEHs remains
a critical problem to be solved.

Meanwhile, topological metamaterial has become one of the
most attractive and interesting research areas during the last
5 years.23 The topological edges and interface states have attracted
extensive attention, since the topologically protected interface
modes are immune to lattice defects, which is of great interest for
robust wave guiding and focusing.24–26 In particular, the interface
mode of topological metamaterial is a promising candidate to

attain robust vibration energy harvesting. Although no research on
topological-metamaterial-based vibration energy harvesting has
been reported, a pioneering work of using topological PC to
harvest acoustic energy can give a glimpse of the potential benefits
of topological metamaterials. Recently, Fan et al.27 designed a topo-
logical PC with a piezoelectric transducer attached at the interface.
Their simulation results indicated that the acoustic pressure at the
interface was amplified by 66 times, and an output power of
135 mW was generated at the eigenfrequency of the interface mode
(4045 Hz). However, for vibration energy harvesting, the vibration
source frequency is relatively low in general. Hence, the topological
PC is no longer suitable for low-frequency vibration energy har-
vesting. Meanwhile, the benefits of the unique features of topologi-
cal metamaterials for vibration energy harvesting are still an open
question to be explored. To this end, this paper is motivated to
develop a novel VEH based on the locally resonant topological
metamaterial to achieve low-frequency energy harvesting, and to
study the potential benefits of the wave localization and topological
protection features on improving the efficiency and robustness of
energy harvesting. Moreover, two different methods to enhance the
performance of topological meta-VEH are proposed. The main
contents of this paper are organized as follows. Section II depicts
the design strategy of locally resonant topological meta-VEH and
establishes its electromechanical governing equations. Section III
derives the analytical solutions of the topological meta-VEH and
studies its band structure and transmittance features. Section IV
explores the benefits of the interface mode and topological protec-
tion for vibration energy harvesting. Moreover, performance-
enhanced methods are proposed in Sec. V to further improve the
wave localization effect and the output voltage. Several conclusions
are drawn in Sec. VI.

II. TOPOLOGICAL META-VEH MODEL

A. System description

For a one-dimensional (1D) topological metamaterial,
there are two topologically distinct 1D metamaterials, and the
topological interface state takes place at the junction of these
two metamaterials. To design a 1D topological metamaterial,
the Su–Schrieffer–Heeger (SSH) model28 has been widely used. For
example, Yin et al.29 proposed an elastic PC based on the SSH
model and obtained the topological edge mode numerically and
experimentally. Muhammad et al.30 proposed a topological PC
beam based on the SSH model and studied its topological interface
mode. Meanwhile, the local resonance mechanism is utilized to
achieve the topological interface mode at the low-frequency range.
For example, Zhao et al.31 proposed a topological metamaterial
with local resonators. The topological interface mode takes place in
the lowest bandgap, i.e., the band-folding induced bandgap.
Therefore, the eigenfrequency of the topological interface mode is
lower than the natural frequency of the local resonator. In other
words, the topological interface mode can be designed in the sub-
wavelength region for low-frequency applications. Hence, a locally
resonant topological metamaterial is employed for vibration energy
harvesting in this paper.

Figure 1 depicts the schematic of the proposed topological
meta-VEH. It consists of two topologically distinct metamaterials,
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i.e., the left metamaterial chain (marked by the red boxes) and the
right metamaterial chain (marked by the green boxes). The Zak
phase32 can be used to identify the topology of these two submeta-
material chains. The dashed boxes mark the unit cells for these two
submetamaterials. It is noted that the structures of these two kinds
of unit cells are quite similar. The unit cells in both submetamate-
rial chains consist of a diatomic chain with k1≠ k2. The main dif-
ference is that k1 and k2 are swapped in these unit cells. Such a
difference31,33 is the key for changing the topological invariant of
the submetamaterial chains and ensuring that the topological inter-
face mode takes place at the junction of these two submetamaterial
chains. Section III will discuss the details of the band structure and
topology features. To harvest the vibration energy, a piezoelectric
transducer is attached at the interface since the elastic wave is

localized there, and a large deformation can be guaranteed. The
resistive load R is connected to the piezoelectric transducer to eval-
uate the harvested power.

B. Governing equations

The governing equations of the proposed topological
meta-VEH are derived based on Newton’s second law and
Kirchhoff’s law. The left, right, and the conjunction boundary con-
ditions of the topological metamaterial are different, leading to dif-
ferent constraint equations. Hence, the whole system is divided into
six parts, and their governing equations are given separately. For an
arbitrary unit cell in the middle of the left metamaterial chain, the
governing equations are

m1€u
2iþ1
1 þ c1( _u

2iþ1
1 � _u2i1 )� c2( _u

2iþ2
1 � _u2iþ1

1 )þ c3( _u
2iþ1
1 � _u2iþ1

2 )
þ k1(u2iþ1

1 � u2i1 )� k2(u2iþ2
1 � u2iþ1

1 )þ k3(u2iþ1
1 � u2iþ1

2 )

� �
¼ 0,

m2€u
2iþ1
2 þ c3( _u

2iþ1
2 � _u2iþ1

1 )þ k3(u2iþ1
2 � u2iþ1

1 ) ¼ 0,

m1€u
2iþ2
1 þ c2( _u

2iþ2
1 � _u2iþ1

1 )� c1( _u
2iþ3
1 � _u2iþ2

1 )þ c3( _u
2iþ2
1 � _u2iþ2

2 )
þ k2(u2iþ2

1 � u2iþ1
1 )� k1(u2iþ3

1 � u2iþ2
1 )þ k3(u2iþ2

1 � u2iþ2
2 )

� �
¼ 0,

m2€u
2iþ2
2 þ c3( _u

2iþ2
2 � _u2iþ2

1 )þ k3(u2iþ2
2 � u2iþ2

1 ) ¼ 0,

8>>>>>>><
>>>>>>>:

(1)

where i ¼ 1 � S� 2, m1 and m2 denote the outer and inner masses, respectively; c1, c2, and c3 are the corresponding damping coefficients;
k1, k2, and k3 are the spring constants. un1 and un2 denote the displacements of the outer and inner masses, respectively, where the super-
scripts n = 2i + 1, 2i + 2, denote the two neighboring modules in the (i + 1)th unit cell.

For the first unit cell of the left metamaterial chain (i.e., i = 0), the governing equations are

m1€u
1
1 þ c1 _u

1
1 � c2( _u

2
1 � _u11)þ c3( _u

1
1 � _u12)þ k1(u11 � u01)� k2(u21 � u11)þ k3(u11 � u12) ¼ 0,

m2€u
1
2 þ c3( _u

1
2 � _u11)þ k3(u12 � u11) ¼ 0,

m1€u
2
1 þ c2( _u

2
1 � _u11)� c1( _u

3
1 � _u21)þ c3( _u

2
1 � _u22)þ k2(u21 � u11)� k1(u31 � u21)þ k3(u21 � u22) ¼ 0,

m2€u
2
2 þ c3( _u

2
2 � _u21)þ k3(u22 � u21) ¼ 0,

8>><
>>:

(2)

FIG. 1. Schematic of a locally resonant topological meta-VEH.
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where u01 denotes the base displacement applied to the left-hand side of the whole metamaterial. For the (S)th unit cell (i.e., i = S − 1), the
governing equations are

m1€u
2S�1
1 þ c1( _u

2S�1
1 � _u2S�2

1 )� c2( _u
2S
1 � _u2S�1

1 )þ c3( _u
2S�1
1 � _u2S�1

2 )
þ k1(u2S�1

1 � u2S�2
1 )� k2(u2S1 � u2S�1

1 )þ k3(u2S�1
1 � u2S�1

2 )

� �
¼ 0,

m2€u
2S�1
2 þ c3( _u

2S�2þ1
2 � _u2S�2þ1

1 )þ k3(u2S�2þ1
2 � u2S�2þ1

1 ) ¼ 0,

m1€u
2S
1 þ c2( _u

2S
1 � _u2S�1

1 )� c2( _u
2Sþ1
1 � _u2S1 )þ c3( _u

2S
1 � _u2S2 )

þ k2(u2S1 � u2S�1
1 )� k2(u2Sþ1

1 � u2S1 )þ k3(u2S1 � u2S2 )� θv

� �
¼ 0,

m2€u
2S
2 þ c3( _u

2S
2 � _u2S1 )þ k3(u2S2 � u2S1 ) ¼ 0,

8>>>>>>><
>>>>>>>:

(3)

where θ is the electromechanical coupling coefficient and v is the output voltage. For an arbitrary unit cell in the middle of the right meta-
material chain, the governing equations are

m1€u
2iþ1
1 þ c2( _u

2iþ1
1 � _u2i1 )� c1( _u

2iþ2
1 � _u2iþ1

1 )þ c3( _u
2iþ1
1 � _u2iþ1

2 )
þ k2(u2iþ1

1 � u2i1 )� k1(u2iþ2
1 � u2iþ1

1 )þ k3(u2iþ1
1 � u2iþ1

2 )

� �
¼ 0,

m2€u
2iþ1
2 þ c3( _u

2iþ1
2 � _u2iþ1

1 )þ k3(u2iþ1
2 � u2iþ1

1 ) ¼ 0,

m1€u
2iþ2
1 þ c1( _u

2iþ2
1 � _u2iþ1

1 )� c2( _u
2iþ3
1 � _u2iþ2

1 )þ c3( _u
2iþ2
1 � _u2iþ2

2 )
þ k1(u2iþ2

1 � u2iþ1
1 )� k2(u2iþ3

1 � u2iþ2
1 )þ k3(u2iþ2

1 � u2iþ2
2 )

� �
¼ 0,

m2€u
2iþ2
2 þ c3( _u

2iþ2
2 � _u2iþ2

1 )þ k3(u2iþ2
2 � u2iþ2

1 ) ¼ 0,

8>>>>>>><
>>>>>>>:

(4)

where i ¼ Sþ 1 � 2S� 2. For the first unit cell of the right metamaterial chain (i.e., i = S), the governing equations are

m1€u
2Sþ1
1 þ c2( _u

2Sþ1
1 � _u2S1 )� c1( _u

2Sþ2
1 � _u2Sþ1

1 )þ c3( _u
2Sþ1
1 � _u2Sþ1

2 )
þ k2(u2Sþ1

1 � u2S1 )� k1(u2Sþ2
1 � u2Sþ1

1 )þ k3(u2Sþ1
1 � u2Sþ1

2 )þ θv

� �
¼ 0,

m2€u
2Sþ1
2 þ c3( _u

2Sþ1
2 � _u2Sþ1

1 )þ k3(u2Sþ1
2 � u2Sþ1

1 ) ¼ 0,

m1€u
2Sþ2
1 þ c1( _u

2Sþ2
1 � _u2Sþ1

1 )� c2( _u
2Sþ3
1 � _u2Sþ2

1 )þ c3( _u
2Sþ2
1 � _u2Sþ2

2 )
þ k1(u2Sþ2

1 � u2Sþ1
1 )� k2(u2Sþ3

1 � u2Sþ2
1 )þ k3(u2Sþ2

1 � u2Sþ2
2 )

� �
¼ 0,

m2€u
2Sþ2
2 þ c3( _u

2Sþ2
2 � _u2Sþ2

1 )þ k3(u2Sþ2
2 � u2Sþ2

1 ) ¼ 0:

8>>>>>>><
>>>>>>>:

(5)

For the last unit cell of the right metamaterial chain (i.e., i = 2S− 1), the governing equations are

m1€u
4S�1
1 þ c2( _u

4S�1
1 � _u4S�2

1 )� c1( _u
4S
1 � _u4S�1

1 )þ c3( _u
4S�1
1 � _u4S�1

2 )
þ k2(u4S�1

1 � u4S�2
1 )� k1(u4S1 � u4S�1

1 )þ k3(u4S�1
1 � u4S�1

2 )

� �
¼ 0,

m2€u
4S�1
2 þ c3( _u

4S�1
2 � _u4S�1

1 )þ k3(u4S�1
2 � u4S�1

1 ) ¼ 0,
m1€u

4S
1 þ c1( _u

4S
1 � _u4S�1

1 )þ c3( _u
4S
1 � _u4S2 )þ k1(u4S1 � u4S�1

1 )þ k3(u4S1 � u4S2 ) ¼ 0,
m2€u

4S
2 þ c3( _u

4S
2 � _u4S1 )þ k3(u4S2 � u4S1 ) ¼ 0:

8>>>><
>>>>:

(6)

Assuming the piezoelectric transducer is shunted to a resistive
load R, the governing equation of the electrical domain is

v
R
þ Cp _v þ θ( _u2Sþ1

1 � _u2S1 ) ¼ 0, (7)

where Cp is the capacitance of the piezoelectric transducer.

III. BAND STRUCTURE AND TRANSMITTANCE
ANALYSES

In this section, the band structure features of the proposed
topological meta-VEH are studied. The band inversion and

topology properties are discussed to provide insights into the
potential advantages of topological meta-VEH. Subsequently, the
transmittance and output voltage of the proposed meta-VEH are
derived analytically, laying the foundation for Secs. IV and V.
Figure 2 depicts the unit cell of the metamaterial. The methods of
calculating the band structure and transmittance are provided in
the Appendix. The parameters of the metamaterial system studied
in this paper are listed in Table I.

A. Band structure

Figure 3 plots the dispersion relations of the locally resonant
metamaterial for different kl and kr. It is found that when kl = kr
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(conventional metamaterial chain), there is only one locally reso-
nant bandgap (LRBG), as shown in Fig. 3(b). When kl = 8000 N/m
and kr = 4000 N/m (kl > kr, the left metamaterial chain), except
for the LRBG, two more Bragg Scattering bandgaps (BSBGs)
[Fig. 3(a)] are opened from the band-folding points [P1 and P2 in
Fig. 3(b)]. Notably, the first BSBG is lower than the LRBG. Since
the topological interface mode occurs inside these band-folding
induced bandgaps, the interface mode can be achieved at the low-
frequency range by a locally resonant topological metamaterial.
Thus, it can be used for low-frequency energy harvesting. When
the values of k1 and k2 are swapped (kl < kr, the right metamaterial
chain), the dispersion relation shown in Fig. 3(c) is exactly the
same as that in Fig. 3(a). In other words, the absolute eigenfrequen-
cies of these two configurations are the same, which validates the
analytical predictions of Eq. (A5).

Subsequently, Table II shows the eigenvectors of the left and
right metamaterial chains at the edges of the first bandgap. It is
found that at state 1 (qL = π, ω/ωn = 0.5996, related to S1 and S3 of
Fig. 3), the eigenvector of the outer masses of left metamaterial
chain (kl > kr) is (1,1), while that of right metamaterial chain
(kl < kr) is (−1,1). At state 2 (qL = π, ω/ωn = 0.7808, related to S2
and S4 of Fig. 3), the eigenvector of left metamaterial chain
becomes (−1,1), while that of right metamaterial chain turns to be
(1,1). Thus, the band inversion induced by the exchange of k1 and
k2 occurs in the first bandgap. To illustrate the benefit of band
inversion for wave localization and energy harvesting, the mode
shapes of these two configurations and the topological metamate-
rial are plotted in Fig. 4. For the left metamaterial chain, the lower
band edge S1 (1, 1) corresponds to an even mode, and the direc-
tions of mass motions in a unit cell are the same. For the right
metamaterial chain, at the band edge S3 (−1, 1), although the

frequency does not change, the directions of mass motions in a
unit cell turn to be opposite to each other. Assume that these two
configurations of metamaterials are integrated to form a new meta-
material (as shown in Fig. 4), the wave energy can be localized at
the conjunction due to the band inversion, resulting in a large
deformation. Thus, if a piezoelectric patch is mounted at the inter-
face, high efficiency of energy harvesting can be achieved.

The second possible advantage of the proposed meta-VEH
originates from the topological protection property. It is well
known that vibration energy localization can be attained in a
defected metamaterial as well. However, the defect mode is strongly
dependent on the defect property. In a defected metamaterial, the
fatigue and damage of structures may result in the loss of the defect
mode and wave energy localization. Unlike the defected metamate-
rial, the interface mode mainly depends on the structural topology
property. The wave localization property and interface mode of a
topological metamaterial always exist, and they are immune to
structural fatigue and damage if the topology properties of the
metamaterial remain constant. For a 1D topological metamaterial,
its topology property can be identified by the topological invariant,
i.e., the Zak phase, which can be calculated using the following
formula:

θzak ¼ i
ðπ/L
�π/L

dq Ψj@qjΨ
� � ¼ �f(π/L)� f(�π/L)

2

¼ π, kl , kr ,

0, kl . kr ,

�
(8)

where jΨi is the eigenvector normalized by the kinetic energy.
The details about Zak-phase calculations can be found in Ref. 31.
From Eq. (8), it is learned that the Zak phases for all the bands of
the left metamaterial chain are the same, equaling 0, while all the
bands of the right metamaterial chain have the same Zak phase π.
The Zak phase value indicates that the metamaterial used for
energy harvesting (shown in Fig. 1) is a topological one, which is
immune to structural defects. More specifically, since the interface
mode depends on the topology features and a local defect can
hardly change the topology feature of the whole metamaterial,
the local defect may change the frequency of the topological inter-
face state but cannot eliminate the topological interface mode.
Moreover, the wave localization position of interface mode always
locates at the interface regardless of the local defect. Section IV will
provide an in-depth study on the advantages of topological protec-
tion for vibration energy harvesting.

B. Transmittance

Figure 5 compares the transmittance and dispersion relations
of the topological meta-VEH. It is clearly shown that the transmit-
tance agrees quite well with the predicted band structure. There are
two BSBGs and one LRBG. As predicted, the interface mode marked
with a blue star is observed inside the first BSBG. Meanwhile, it is
also revealed that such an interface mode can be designed in the low-
frequency range by introducing the local resonators, making it suit-
able for low-frequency vibration energy harvesting.

FIG. 2. Unit cell of the metamaterial.

TABLE I. Parameters of the topological meta-VEH.

Parameters Value Parameters Value

Outer mass m1 (kg) 0.004 Capacitance Cp (nF) 187
Inner mass m2 (kg) 0.001 Electromechanical

coupling (mN/V)
0.6

k1 (N/m) 8000 cl (N s/m) 0.001
k2 (N/m) 4000 c2 (N s/m) 0.001
k3 (N/m) 4000 c3 (N s/m) 0.05
Resistance (kΩ) 10 000
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IV. ENERGY HARVESTING PERFORMANCE

In this section, the performance of a topological meta-VEH
for energy harvesting is studied. There are mainly two aspects: one
is the benefit of wave localization for energy harvesting, while the
other is the benefit of topological protection. The parameters used
in this section are the same as those in Table I.

A. Benefit of wave localization of the interface mode

To illustrate the advantages of wave localization in the inter-
face mode for vibration energy harvesting, the displacement
responses of the topological meta-VEH are calculated, as shown in
Fig. 6. For the proposed topological meta-VEH, there are mainly

two configurations. The first one, named as configuration A, refers
to the one that the left metamaterial has kl > kr while the right
metamaterial has kr < kl. The second one, named configuration B,
refers to the one which exchanges the left and right metamaterials.
From Fig. 6, it is learned that the displacement distributions of con-
figuration A are just like an isosceles triangle, and the maximum
response appears at the interface. Thus, the vibration is successfully
localized at the interface. For configuration B, a similar displace-
ment distribution is obtained, and the wave energy is also localized
at the interface. The main difference between these two configura-
tions is the location of the maximum displacement. The maximum
response of configuration A occurs at the 2Sth module, while
that of configuration B appears at the (2S− 1)th and (2S + 1)th

FIG. 3. Dispersion relations of the unit cell for different configurations [k1 = 8000 N/m, k2 = 4000 N/m, ωn = (k3/m2)
1/2]: (a) left metamaterial chain, kl = k1, kr = k2, (b) conven-

tional metamaterial chain, kl = kr = k1, (c) right metamaterial chain, kl = k2, kr = k1.

TABLE II. Eigenvector of different configurations.

Parameters

Eigenvector

Left metamaterial chain (kl > kr) Right metamaterial chain (k1 < k2)

(u2iþ1
1 , u2iþ2

1 , u2iþ1
2 , u2iþ2

2 ) ¼ +eif(q), 1, + k3
k3�mω2 eif(q),

k3
k3�mω2

� �
(Ref. 31)

qL = π, ω/ωn = 0.5996 S1, 1, 1, k3
k3�mω2 ,

k3
k3�mω2

� �
S3, �1, 1, � k3

k3�mω2 ,
k3

k3�mω2

� �

qL = π, ω/ωn = 0.7808 S2, �1, 1, � k3
k3�mω2 ,

k3
k3�mω2

� �
S4, 1, 1, k3

k3�mω2 ,
k3

k3�mω2

� �
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modules. Therefore, the piezoelectric transducers should be
mounted at different places for these two configurations. For con-
figuration A, the piezoelectric transducer is recommended to be
placed at the 2Sth module, while for configuration B, it is recom-
mended to be placed between the (2S− 1)th and (2S)th modules,
or the (2S + 1)th and (2S + 2)th modules since the voltage is closely
related to the relative displacement between the neighboring
modules. From the displacement distribution, it is clearly found
that the maximum relative displacement of configuration A is
about 8.28, while that of configuration B is only 1.05. Thus, we can
conclude that although there is only one maximum peak in config-
uration A, the capability of energy localization of configuration A is
superior to configuration B.

Subsequently, the relations between the resistance load and
power of these two configurations are obtained to evaluate the
power performance. Since the varying resistance load can affect the
resonant frequency of the topological interface mode, the excitation
frequency related to the peak power is different as well. To obtain
the peak power at different resistance loads, we first obtain the fre-
quency–voltage response for different resistance loads. For each
resistance load, the resonance peak related to the interface mode
is recognized and used to calculate the power peak. Figures 7(a)
and 7(b) compare the generated power of these two configurations.
The peak power of configuration A is about 2.169 mW, while that
of configuration B is only 0.019 33mW. The optimal resistance
loads for configurations A and B are different. The optimal resist-
ance of configuration A is 4.2 kΩ while that of configuration B is
3.8 kΩ. To evaluate the energy harvesting efficiency, the outputted
power should be normalized with respect to the inputted power.
Figures 7(c) and 7(d) depict the normalized power of these two
configurations, it is found that the maximum energy harvesting
efficiency of configuration A is 0.0208% while that of configuration
B is 0.000 68%. Notably, the energy harvesting efficiency is quite
low since the electromechanical coupling is very weak in this
example, resulting in a very weak electromechanical conversion
efficiency. To improve the energy harvesting efficiency, one can
increase the electromechanical conversion efficiency by increasing
the size and improving the quality of the piezoelectric transducer.
Overall speaking, the energy harvesting performance of configura-
tion A is much better than that of configuration B, even though
both configurations can localize energy at the interface.

B. Benefit of topological protection

In this section, a conventional defected meta-VEH and the
proposed topological meta-VEH are compared to illustrate the
benefit of topological protection for energy harvesting performance.
It is assumed that the defects locate at the center of the three
meta-VEHs. The (2S)th module’s stiffness (k2S) of configuration A
is regarded as the defect stiffness since the structural fatigue or
damage is most likely to appear at the location of energy localiza-
tion. To distinguish a defect mode curve from a series of ordinary
mode curves, the modal shapes of these curves are examined. For a
defect mode, the energy should be localized at the defect place.
Therefore, there will be a peak at the defected cell in the displace-
ment distribution response. We have examined the distribution
responses at several specific points associated with those curves to
figure out their characteristics. The defected topological metamate-
rial and the conventional defected meta-VEHs are illustrated on
the top of Fig. 8. Then, the eigenfrequency of topological interface
mode for varying k2S is depicted in Fig. 8(a), while that of the
defect mode for varying k2S or k2S+1 is shown in Figs. 8(b) and 8(c),
respectively. It is found in Fig. 8(a) that, for the topological
meta-VEH, when the defected stiffness k2S increases from zero to
3k3, the resonance frequency of interface mode will increase but is
still inside the first BSBG. However, for the conventional
meta-VEH with a defected stiffness (k2S or k2S+1), the defect mode
may disappear sometimes. For the first configuration of conven-
tional meta-VEHs [Fig. 8(b)], it is found that when k2S < k3, there
is no defect mode. For the second configuration of conventional

FIG. 4. Conceptual illustration of energy localization at the interface of a topo-
logical metamaterial.

FIG. 5. Transmittance and interface mode of a topological metamaterial.
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meta-VEHs [Fig. 8(c)], the defect mode will disappear when
k2S+1 > 2k3. Thus, it is clearly revealed that the topological interface
is more robust than the defect mode, which indicates that the topo-
logical meta-VEH has the capability of achieving the robustness for
vibration energy harvesting.

V. PERFORMANCE ENHANCEMENT STRATEGIES

Section IV has clearly shown the advantages of topological
metamaterial for robust vibration energy harvesting. In this section,
we are motivated to seek strategies to further enhance the perfor-
mance of the proposed topological meta-VEH.

A. Stiffness tuning approach

The first strategy is to tune the spring constants of the topo-
logical metamaterial, named stiffness tuning approach hereinafter.
The details of this approach are depicted as follows. The stiffness

constants in the two configurations of topological meta-VEH, as
shown in Fig. 9, are tuned to kt, which is varied from 1600 to
5200 N/m. The excitation amplitude u0 and other parameters are
the same as those in Table I. The effects of kt on the three aspects
of interest related to energy harvesting, i.e., the eigenfrequency, the
displacement distribution, and the output voltage of the topological
meta-VEHs, are investigated.

Figures 9(c) and 9(d) reveal the effects of kt on the eigenfre-
quencies of the interface modes and the voltage outputs of the two
topological meta-VEHs. It is found that for both configurations of
topological meta-VEHs, their eigenfrequencies and voltage outputs
increase with kt. In other words, a small stiffness kt helps reduce
the resonant frequency, which is beneficial for low-frequency energy
harvesting. However, the output voltage is unfavorably decreased at
the same time. Therefore, it is suggested to reduce the natural fre-
quency of local resonators rather than the stiffness of the main
structure. To ascertain the reason for the decreasing output

FIG. 6. Transmittance, interface mode, and displacement distributions of two different configurations of topological metamaterials (20 modules and 10 unit cells, S = 5,
k1 > k2): (a) and (b) are the transmittances and (c) and (d) are the displacement distributions.
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voltage, the displacement distribution at the topological interface
modes of the two configurations is plotted in Figs. 9(e) and 9(f ).
It is found that with the increase in stiffness kt, the displacement
amplitude at the interface will increase, indicating that the energy
localization effect is enhanced. However, it should be mentioned
that as kt keeps increasing from k2, it gradually approaches k1, i.e.,
|k1 − kt| becomes smaller. Consequently, the band-folding
bandgap will become narrower, posing additional difficulties to
obtain the topological interface mode for practical application.
For the above reasons, kt is not recommended to be tuned too
high as well. In summary, it can be concluded that the appropriate
use of the stiffness tuning approach could enhance the wave local-
ization effect, thus remarkably increase the output voltage of the
topological meta-VEHs.

B. Defect enhancement approach

Since both defect mode and topological interface mode have the
capabilities to localize the elastic wave energy at the defect/interface,
it is reasonable to integrate the defect mode with the topological
interface mode to realize the megamerger. Thus, the second strategy
proposed in this paper is to introduce a defect at the interface of a
topological meta-VEH. In this way, the advantages of both the defect
mode and the topological interface mode could be inherited in the
topological metamaterial system for enhanced energy harvesting.
Figure 10(a) illustrates the schematic of the defected topological
meta-VEH. The defect is represented by a singular stiffness kd that
varies from 1600 to 5200 N/m. Figure 10(b) depicts the effect of sin-
gular stiffness kd on the eigenfrequency and the output voltage of the

FIG. 7. Power performance of two different configurations of topological meta-VEH (u0 = 0.001): Pout and Pin are the outputted power and the inputted power, respectively.
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topological meta-VEH. It is found in Fig. 10(b) that with the increase
in kd, the eigenfrequency increases, while the output voltage
decreases. As reducing the singular stiffness kd at the interface can
reduce the eigenfrequency and increase the output voltage simultane-
ously, it is obviously beneficial for low-frequency energy harvesting.
By further plotting the displacement distributions for different singu-
lar stiffness kd in Fig. 10(c), it is found that a smaller kd helps
enhance the energy localization effect, which explains why the
output voltage is increased.

It should be mentioned that for the defect enhancement
approach, the stiffness changes only at the interface while the
other stiffnesses of the entire meta-VEH remain constant.
However, in the stiffness tuning approach, the stiffnesses vary
not only at the interface, but also in each unit cell of the entire
system. The stiffness tuning approach is based on designing the
band structure and topological interface mode of a purely topo-
logical meta-VEH. The decrease in stiffness kt can affect the top-
ology property and the interface mode significantly. On the
other hand, the defect enhancement approach is inspired by
maximizing the wave localization effect through utilizing the

defect mode and interface mode simultaneously. The change of
stiffness kd may not change the topology property of the entire
system. Thus, the reason that the decreasing stiffness may lead
to different results for these two methods is due to the different
underlying mechanisms. For a conventional defected meta-VEH,
a decrease in stiffness at the interface can make the defect softer
and concentrate more energy at the defect, leading to a larger
output voltage. When the defect is introduced into the interface
mode, this defect enhanced wave localization feature is inherited
by the defected topological meta-VEH. Meanwhile, from Sec. IV B,
it is found that the interface mode will always exist unless the stiff-
ness at the interface becomes zero or infinity. In other words, inte-
grating the defect mode with the topological interface mode at the
interface edge is a feasible means to overcome the robustness
problem of the defect mode itself. Thus, the defected topological
meta-VEH attains a highly robust energy harvesting capability as
compared to both the conventional defected meta-VEH and the
purely topological meta-VEH. In general, a defected topological
meta-VEH is promising to achieve robust and efficient vibration
energy harvesting.

FIG. 8. Resonance peaks of defected metamaterials (30 cells, 60 modules): (a) a defected topological metamaterial (varying k2S), (b) a defected conventional metamate-
rial (varying k2S), and (c) a defected conventional metamaterial (varying k2S+1).
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FIG. 9. Effect of stiffness kt on the topological interface mode and output voltage: (a) and (b) represent the models of configuration A and configuration B, respectively,
(c) and (d) refer to the output voltage and eigenfrequency of topological interface mode for varying kt, ωtop refers to the frequency of interface mode, (e) and (f ) show the
effect of stiffness kt on the displacement distribution of topological interface modes.
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VI. CONCLUSIONS

This paper has proposed a novel vibration energy harvester
based on a locally resonant topological metamaterial. The govern-
ing equations and analytical solutions have been theoretically
derived. The band structure and transmittance properties have
been investigated. To ascertain the potential advantages of the
topological meta-VEH, the wave localization and topological pro-
tection properties have been studied. Moreover, two different
approaches to enhance the energy harvesting performance of the
topological meta-VEH have been proposed. Through this analytical
and numerical study, several useful findings have been obtained.

(1) The topological interface mode can be maintained at subwave-
lengths by the locally resonant topological metamaterial, which
is favorable for low-frequency vibration energy harvesting.

(2) The wave localization property of the topological interface mode
can concentrate the wave energy at the interface to help the
energy harvester produce a large output voltage. Meanwhile,
configuration A is more suitable for vibration energy harvesting,
since it has a better wave localization capability.

(3) The topological protection makes the topological meta-VEH
immune to the local defect, and the interface mode will always
exist if the topology property keeps constant. Thus, as compared

with the conventional defect meta-VEH, the topological
meta-VEH exhibits a more robust energy harvesting performance.

(4) For the stiffness tuning approach, the energy localization
property can be enhanced by optimizing the stiffness of the
diatomic lattice, and, thus, the output voltage. For the defect
enhancement method, it is revealed that integrating the defect
mode and interface mode can significantly improve the energy
localization function and the output voltage. Meanwhile, the
defected topological meta-VEH still possesses the capability of
topological protection, since the topology property is not
changed by the defect. As a result, the defected topological
meta-VEH is more suitable for a highly robust and efficient
energy harvesting than the stiffness tuning approach.
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FIG. 10. A topological meta-VEH with a defected interface: (a) schematic, (b) effect of defected stiffness kd on the eigenfrequency of topological interface mode and the
corresponding voltage output, and (c) displacement distributions for different kd.
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APPENDIX: BAND STRUCTURE AND TRANSMITTANCE
ANALYSIS METHODS

A. Method of calculating the band structure

The dashed box in Fig. 2 marks a unit cell of the metamate-
rial under investigation. kl and kr refer to the left and right
spring constants, respectively, and cl and cr refer to the left

and right damping terms in a unit cell, respectively. For the
left metamaterial chain, kl = k1 and kr = k2. For the right meta-
material chain, kl = k2 and kr = k1. To theoretically derive the
dispersion relation, the damping terms (cl, cr, and c3), electrome-
chanical coupling θ, and the boundary conditions at the fixed
end, free end, and conjunction are removed. Equation (1) is,
thus, simplified as

m1€u
2iþ1
1 þ k1(u2iþ1

1 � u2i1 )� k2(u2iþ2
1 � u2iþ1

1 )þ k3(u2iþ1
1 � u2iþ1

2 ) ¼ 0,
m2€u

2iþ1
2 þ k3(u2iþ1

2 � u2iþ1
1 ) ¼ 0,

m1€u
2iþ2
1 þ k2(u2iþ2

1 � u2iþ1
1 )� k1(u2iþ3

1 � u2iþ2
1 )þ k3(u2iþ2

1 � u2iþ2
2 ) ¼ 0,

m2€u
2iþ2
2 þ k3(u2iþ2

2 � u2iþ2
1 ) ¼ 0:

8>><
>>:

(A1)

Similarly, Eq. (4) is also simplified as

m1€u
2iþ1
1 þ k2(u2iþ1

1 � u2i1 )� k1(u2iþ2
1 � u2iþ1

1 )þ k3(u2iþ1
1 � u2iþ1

2 ) ¼ 0,
m2€u

2iþ1
2 þ k3(u2iþ1

2 � u2iþ1
1 ) ¼ 0,

m1€u
2iþ2
1 þ k1(u2iþ2

1 � u2iþ1
1 )� k2(u2iþ3

1 � u2iþ2
1 )þ k3(u2iþ2

1 � u2iþ2
2 ) ¼ 0,

m2€u
2iþ2
2 þ k3(u2iþ2

2 � u2iþ2
1 ) ¼ 0:

8>><
>>:

(A2)

Based on Bloch’s theorem, the displacements of masses in the (2i + 1)th and (2i + 2)th unit cells are assumed in the harmonic wave forms as

u2iþ1
1 ¼ Ae j(qx�ωt),
u2iþ2
1 ¼ Be j(qxþqL�ωt),

u2iþ1
2 ¼ Ce j(qx�ωt),

u2iþ2
2 ¼ De j(qxþqL�ωt),

8>><
>>:

(A3)

where A, B, C, and D are complex wave amplitudes, q is the wave
number, ω is the angular frequency, j is the imaginary number, and

L is the lattice constant. Substituting Eq. (A3) into Eqs. (A1) and
(A2) yields

�m1ω2Aþ kl(A� Be�jqL)� kr(Be jqL � A)þ k3(A� C) ¼ 0,
�m2ω2C þ k3(C � A) ¼ 0,
�m1ω2Bþ kr(B� Ae�jqL)� kl(Ae jqL � B)þ k3(B� D) ¼ 0,
�m2ω2Dþ k3(D� B) ¼ 0:

8>><
>>:

(A4)

Arranging Eq. (A4) in the matrix form yields

Tp ¼ 0, (A5)

where

T ¼

�m1ω2 þ kl þ kr þ k3 �kle�jqL � kre jqL �k3 0

�k3 0 �m2ω2 þ k3 0

�kre�jqL � kle jqL �m1ω2 þ kl þ kr þ k3 0 �k3
0 �k3 0 k3 �m2ω2

2
6664

3
7775, p ¼ A B C D½ �T : (A6)

Letting the determinant of the coefficient matrix of Eq. (A6) equal to zero, i.e., det(T) = 0, gives the dispersion relation of the
metamaterial.
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B. Method of calculating the transmittance

To calculate the transmittance of the proposed topological
meta-VEH, the governing equations [from Eqs. (1)–(7)] should be
solved simultaneously. Assuming that the system is excited by a
harmonic excitation at the fixed end [u0(t) = u0 × sin(ωt)], the
Laplace transformation method is employed to transform the gov-
erning equations into the frequency domain. First, the relation

between the displacement amplitudes of the outer and inner
masses is obtained as

uiþ1
2 ¼ jωc3 þ k3

�ω2m2 þ jωc3 þ k3
uiþ1
1 (i ¼ 0 � 2S� 1): (B1)

Substituting Eq. (B1) back into Eqs. (1)–(6), we have

a2u2iþ1
1 þ a3u2iþ2

1 ¼ k1u01
a3u2iþ1

1 þ a2u2iþ2
1 þ a1u2iþ3

1 ¼ 0

� �
(i ¼ 0),

a1u2i1 þ a2u2iþ1
1 þ a3u2iþ2

1 ¼ 0
a3u2iþ1

1 þ a2u2iþ2
1 þ a1u2iþ3

1 ¼ 0

� �
(i ¼ 1 � S� 2),

a1u2i1 þ a2u2iþ1
1 þ a3u2iþ2

1 ¼ 0
a3u2iþ1

1 þ (a2 � k1 � jωc1 þ k2 þ jωc2 þ a5)u2iþ2
1 þ (a3 � a5)u2iþ3

1 ¼ 0

� �
(i ¼ S� 1),

(a3 � a5)u2i1 þ (a2 þ a5)u2iþ1
1 þ a1u2iþ2

1 ¼ 0
a1u2iþ1

1 þ a2u2iþ2
1 þ a3u2iþ3

1 ¼ 0

� �
(i ¼ S),

a3u2i1 þ a2u2iþ1
1 þ a1u2iþ2

1 ¼ 0
a1u2iþ1

1 þ a2u2iþ2
1 þ a3u2iþ3

1 ¼ 0

� �
(i ¼ Sþ 1 � 2S� 2),

a3u2i1 þ a2u2iþ1
1 þ a1u2iþ2

1 ¼ 0
a1u2iþ1

1 þ a2u2iþ2
1 ¼ 0

� �
(i ¼ 2S� 1),

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

(B2)

where

a1 ¼ �( jωc1 þ k1), a2 ¼ (�ω2m1 þ jωc1 þ jωc2 þ jωc3 þ k1 þ k2 þ k3 þ a4), and a3 ¼ �( jωc2 þ k2),

a4 ¼ � ( jωc3 þ k3)
2

�ω2m2 þ jωc3 þ k3
, a5 ¼ jωRθ2

1þ jωRCp
:

(B3)

From Eq. (7), the output voltage and power can be
obtained as

v ¼ � jωRθ
1þ jωRCp

uS,

P ¼ v2

R
¼ � jωRθ

1þ jωRCp

	 
2u2S
R
,

8>>><
>>>:

(B4)

where uS ¼ u2Sþ1
1 � u2S1 .

By solving Eq. (B2), the displacement amplitude of the system
can be obtained. The transmittance of this system can be defined
and calculated as

τ ¼ ju4S1 þ u01j
ju01j

: (B5)
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